We prove a necessary and sufficient condition for certain fields defined by locally nilpotent derivations and monomials to be algebraically closed in a rational function field. This implies that a counterexample to the Fourteenth Problem of Hilbert in dimension four, which was recently given by the author, is obtained as the kernel of a derivation. It was previously unknown only in dimension four whether there exists such a counterexample.  2005 Elsevier Inc. All rights reserved.
m = 6, and Daigle and Freudenburg [1] for m = 5 (see also Mukai [14] and Steinberg [19] ). Furthermore, the author recently gave counterexamples for m = 4 [11] and for m = 3 [12] .
The counterexamples of Roberts On what follows, we will assume that the characteristic of K is zero. Then, due to Zariski [21] , the kernel of any derivation of K [x] is finitely generated if m 3 (see also [16] ). On the other hand, Daigle and Freudenburg [1] showed that there exists a locally nilpotent derivation of K[x] whose kernel is not finitely generated for each m 5. It was previously unknown only for m = 4 whether there exists a derivation D of K [x] whose kernel K[x] D is not finitely generated, even when D is not locally nilpotent. In the present paper, we will show that the counterexample for m = 4 in [11] can be realized as the kernel of a derivation, as a consequence of our main result. Thereby, the problem of finite generation of the kernel of a derivation of K [x] is settled for all m.
The counterexamples for m = 4 in [11] and for m = 3 in [12] can be uniformly obtained by the following construction (see also [10] ), although it was not clearly mentioned in these papers. Let Using this construction, the main results of [11, 12] can be restated as follows. Let m = n = 4, D 1 the locally nilpotent derivation of K[y] defined by D 1 (y i ) = 1 for each i, and 4 , where
and ω 4 = (0, 0, 0, ω 4,4 ) such that ω i,j > 0, ω i,4 0 for 1 i, j 3 and ω 4,4 > 0. 
We note that the rank of Ω 1 is four if (1.2) holds (see [11, Section 2] ). Hence,
The counterexample for m = 3 in [12] is obtained as follows. Let m = 3, n = 4,
and 
is not finitely generated.
Although the field K(D, Ω) is defined by using the kernel of a locally nilpotent derivation, it is not necessarily equal to K(x) E for a derivation E of K [x] . So, it is interesting to find a condition on D and Ω under which the field
. The purpose of this paper is to give a necessary and sufficient condition on D and Ω for K(D, Ω) to be algebraically closed in K(x). By Theorem 1.3 below, our result implies a necessary and sufficient condition for
Theorem 1.3 (Derksen [3] , Nowicki [17] , Suzuki [20] ). Assume that the characteristic of
Here is our main result. We may also prove Corollary 1.5 without assuming Theorem 1.3 as follows. Let E be a derivation of
E . Since the characteristic of K is zero, the transcendence degree of K(x) E over K is less than four. On the other hand, the transcendence degree of K(D 1 , Ω 1 ) over K is three, since that of K[y] D 1 is three by Lemma 2.5 below and Φ Ω 1 is injective. Hence, 4) and
, where t ∈ Z with t 3. Then, by straightforward computation, we get
is not finitely generated. By the latter part of Theorem 1. 
In the case where the rank of Ω is less than n, we have the following.
Theorem 1.6. Assume that the rank of Ω is less than n and K
We will show Theorem 1.4 in Section 2 after proving some lemmas. Theorem 1.6 will be shown in Section 3. 
Fibers of a morphism
We may readily verify the lemma below.
Lemma 2.1. In the notation above, we have the following:
Proof. By Lemma 2.1, we may assume that
The following fact is well known (see for example [4, Chapter 1.3] ).
Lemma 2.3. Let D be a locally nilpotent derivation of a
K-domain A. (i) If D(ab) = 0 for a, b ∈ A \ {0}, then D(a), D(b) = 0. (ii) If B is
the field of fractions of A, then B D is equal to the field of fractions of A D .
In particular, if y 
. The latter part is readily verified. 2 Now, we will prove the converse. First, we show that we may restrict ourselves to the case where K is algebraically closed. Let us denote byK an algebraic closure of K, and byD and byΦ Ω theK-linear map idK Here, we recall a fact on algebraic geometry. Let A and B be affine K-domains such that A ⊂ B and A is not algebraically closed in B, i.e., the field A of fractions of A does not contain an element of B which is algebraic over A . Then, the fiber of Spec B → Spec A over each closed point in some nonempty open subset of Spec A is not connected. This is explained as follows. Assume that b ∈ B is algebraic over A of degree l 2. Since K is of characteristic zero, the discriminant d of the minimal polynomial of b over A is a nonzero element of A . Let P be any maximal ideal of A not containing To prove Proposition 2.7, we need a lemma. First, note that κ P is equal to K. Actually, the K-algebra R D is finitely generated by Lemma 2.5, and K is algebraically closed by assumption. s)(g 1 , . . . , g n ) :
In case D is zero, K(D, Ω)
Proof. First, we show that, if g
v/v i up to a multiplication of an element of κ P \ {0}. Hence, there exists α ∈ κ P \ {0} such that
, and p j = 0 if and only if j ∈ I D . Since g
is in κ P (s) by assumption, (2.1) implies that
The left-hand side of the first equality of (2.2) is contained in j ∈I D Rω j , while the right-hand side of the second equality is contained in Z m . By the assumption that
We set
. . , n by contradiction. Let l be the minimal number where the assertion is false. Then, the polynomial
for some λ u ∈ κ P (s) for each u, where the sum is taken over u = (u 1 , . . . , u l−1 ) with 1 u i v i for each i. By the argument in the preceding paragraph, there exist u, u with u = u such that λ u , λ u are not zero. Without loss of generality, we may assume that the (l − 1)st components of u and u are distinct. Then, (2.3) is written as 
n . We show that κ P ⊗ R D S is isomorphic to the Laurent polynomial ring
where the second map is an isomorphism induced fromΦ Ω . Hence, we have
It follows that g m ]. We show that the rank of the C-module A ⊗ T S is at most v 1 · · · v n , while that of B is at least v 1 · · · v n . It implies that A ⊗ T S → B is an isomorphism. Then, we know by (2.6) that κ P ⊗ R D S is isomorphic to B, and the proof will be completed.
The C-algebra A ⊗ T S is generated by 1 ⊗ x
By Lemma 2.8, the dimension of the κ P (s)-vector
. . , g n ] and A ⊂ κ P (s), the rank of the A- module  A[g 1 , . . . , g n ] is at least v 1 · · · v n . The rank of the C-module B is equal to the rank of the A- module A[g 1 , . . . , g n ]. Hence, the rank of the C-module B is also at least v 1 · · · v n .
The case where the rank of Ω is less than n
In this section, we prove Theorem 1.6. Since the rank of Ω is less than n, the map Φ Ω is not injective. Hence, the assumption K[y] D ∩ ker Φ Ω = {0} implies that D is not zero. 
